Abstract-The asymptotic behavior of the dual filters associated with biorthogonal spline wavelet (BSW) systems and general biorthogonal Coifman wavelet (GBCW) systems are studied. As the order of the wavelet systems approaches infinity, the magnitude responses of the dual filters in the BSW systems either diverge or converge to some nonideal frequency responses. However, the synthesis filters in the GBCW systems converge to an ideal halfband lowpass filter without exhibiting any Gibbs-like phenomenon, and a subclass of the analysis filters also converge to an ideal halfband lowpass filter but with a one-sided Gibbs-like behavior. The two approximations of the ideal lowpass filter by the filter associated with a Daubechies orthonormal wavelet and by the synthesis filter in a GBCW system of the same order are compared. Such a study of the asymptotic behaviors of wavelet systems provides insightful characterization of these systems and systematic assessment and global comparison of different wavelet systems.
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I. INTRODUCTION

A. Previous Works
M
ANY families of wavelet systems have been constructed in the last decade, for instance, orthonormal Daubechies wavelets [1] , orthonormal coiflets [2] , biorthogonal spline wavelets (BSW's) [3] , semiorthogonal -spline wavelets [4] , [5] , and general biorthogonal Coifman wavelets (GBCW's) [6] , [7] . Most families of wavelet bases are indexed by the number of vanishing moments of the wavelet or, equivalently, the number of zeros at of the transfer function of the associated lowpass filter. For instance, if the synthesis wavelet and the analysis wavelet in a biorthogonal wavelet system have and vanishing moments, respectively, then the system has an order of . In wavelet transformbased applications, choices of wavelet systems and their orders are often important. The study of the asymptotic behaviors of wavelet systems provides insightful characterization of these systems and systematic assessment and global comparison of different wavelet systems. By asymptote, we mean that the order of a wavelet system approaches infinity.
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Recently, the asymptotic behaviors of some families of wavelet systems have been studied. Unser et al. proved that the -spline wavelets converge to Gabor functions (modulated Gaussians) pointwise and in all -norms with as their orders tend to infinity [8] . The more general results on the convergence of semiorthogonal scaling functions and wavelets were developed by Aldroubi et al. [9] . They also showed that the orthogonal scaling functions of Battle-Lemarié converge to an ideal lowpass function pointwise and in all -norms with [10] . In [11] , it was shown that the frequency response of a discrete -spline filter converges to an ideal lowpass frequency response pointwise and in the -norm. In [12] , Saito and Beylkin showed that the magnitude response of the lowpass filter associated with an orthonormal Daubechies wavelet, which is, in fact, the square root of the frequency response of a Lagrange halfband lowpass (HBLP) filter [13] - [15, pp. 164-172] , converges to the frequency response of an ideal HBLP filter. In [16] , Lai further proved that such a convergence is monotonic and does not exhibit any Gibbs-like phenomenon. 1 Shen and Strang studied the asymptotic behavior of the zeros of the transfer function of Lagrange HBLP filters [17] . In [18] , Chui and Wang proved that for a general class of orthonormal scaling functions and wavelets, including those of Battle-Lemarié and Daubechies, the areas of the time-frequency windows tend to infinity as their orders tend to infinity, and if the scaling functions have at least asymptotic linear phase, then they converge to the sinc function in -norm. After finishing this work, the authors discovered the recent work by Tian and Wells [19] , in which they proved that the impulse response of the synthesis lowpass filter in a strict biorthogonal Coifman wavelet system, which is a subclass of the GBCW systems (we will explain this later), converges to that of the ideal HBLP filter pointwise and in the -norm.
B. Aim of the Paper
In this paper, we systematically study the asymptotic convergence (at least in the pointwise sense) of the dual finite impulse response (FIR) filters associated with two families of biorthogonal wavelets-the BSW systems and the GBCW systems-which have been successfully applied to image coding [7] , [20] , [21] . To the best of our knowledge, this has not been reported in the literature. Since our convergence results are for discrete filters rather than the associated continuous wavelets, they are more of the flavor of [11] , [12] , [16] , and [19] . Compared with the work in [19] , we remark that our results are more general in the sense that we consider a more general class of biorthogonal wavelet systems, study both the analysis and synthesis filters, and prove uniform convergence of their impulse response.
We shall point out that Lagrange HBLP filters are closely related to the dual filters in both the BSW and the GBCW systems. Consequently, we study the asymptotic convergence of Lagrange HBLP filters from a novel time-domain viewpoint, which is different from the frequency-domain discussion provided in [12] and [16] . In particular, we show that their impulse responses uniformly and monotonically converge to that of the ideal HBLP filter, and for completeness, we also mention that their frequency responses pointwise and monotonically converge to that of the ideal HBLP filter without Gibbs-like phenomenon, which has been proved in [16] .
We point out that the magnitude response of the synthesis filter in a BSW system converges to a unit impulse in the frequency domain as its order tends to infinity. For a given synthesis filter in the BSW system of an order , the magnitude response of its dual analysis filter monotonically converges as tends to infinity. Although the magnitude response turns out to converge to zero in the stopband, it does not converge to unity in the passband, and hence, the limiting response is not an ideal HBLP frequency response. If is fixed and tends to infinity or if both and tend to infinity, then the resulting magnitude response diverges.
Since the synthesis filters associated with even-ordered GBCW systems turn out to be Lagrange HBLP filters, their asymptotic behavior is the same as that of Lagrange HBLP filters. Hence, we shall focus on odd-ordered GBCW systems. We show that the impulse response of the synthesis filter in an odd-ordered GBCW system uniformly and monotonically converges to that of the ideal HBLP filter as its order tends to infinity. Its frequency response also converges to an ideal HBLP frequency response without any Gibbs-like phenomenon. For the analysis filter in the GBCW system of orders , we study three cases. a) If is fixed and tends to infinity, then its frequency response turns out to converge to a nonunity frequency response in the passband and to zero in the stopband. b) If is fixed and tends to infinity, then its frequency response turns out to converge to unity in the passband and to a nonzero frequency response in the stopband. c) If both and tend to infinity, then its frequency response converges to an ideal HBLP frequency response. In particular, we study a special case of c) in which (i.e., strict biorthogonal Coifman wavelet systems). We show that such a convergence exhibits overshoot only in the passband (we thus refer to this behavior as a one-sided Gibbs-like phenomenon).
Since both the magnitude response of the filter associated with an orthonormal Daubechies wavelet and that of the synthesis filter associated with a GBCW system turn out to monotonically converge to the ideal HBLP frequency responses without Gibbs-like phenomenon, for a finite order, the two filters can be viewed as two approximations of the ideal ones. We show that for the same order, the former is better in the passband and worse in the stopband, and the latter has the advantage of zero phase (for even orders) or asymptotically zero phase (for odd orders) over the former, whose phase is always nonlinear.
C. Outline of the Paper and Notation
The remainder of the paper is organized as follows. In Section II, we introduce some preliminary results in wavelet theory, including Lagrange HBLP filters, BSW systems, and GBCW systems. We discuss the time-domain and the frequency-domain asymptotic convergence of Lagrange HBLP filters in Section III. We study the asymptotic convergence of the dual filters associated with the BSW systems and the GBCW systems in Section IV and Section V, respectively. Section VI provides a comparison between the two approximations of the ideal HBLP filter by the filter associated with an orthonormal Daubechies wavelet and the synthesis filter in a GBCW system. Section VII concludes the paper.
The following notation will be used in the paper. The sets of real numbers and integers are denoted by the symbols and , respectively. For any , , and . The Kronecker delta symbol is denoted by , i.e., if , and otherwise. For a digital filter, its impulse response and its transfer function are, respectively, denoted by lowercase and uppercase letters, e.g., and ,
. Since the coefficients of all the digital filters we mention in the paper are real valued, we only consider when we study their magnitude responses. In all the figures, magnitude responses are plotted with respect to the normalized frequency . For an impulse response or a transfer function , we use a subscript to indicate the family to which the filter belongs and a superscript to indicate its associated order within that family.
II. PRELIMINARIES
A. Ideal Halfband Lowpass Filters and Sinc Wavelet
The impulse response of the ideal zero-phase HBLP filter is denoted by 
B. Two Polynomials
We define two polynomials that will be intensively used in the paper: (4) and (5) Note that is the th-order Hermite interpolating polynomial that has maximum flatness at both and , i.e., and its first derivatives are zero at and , except (for a more detailed discussion, see [15] ).
C. Lagrange Halfband Lowpass Filters
Let be the impulse response of the th-order Lagrange halfband lowpass filter (or maximally flat halfband lowpass filter) [13] -[15, pp. 164-172], i.e., (6) for , and otherwise. Apparently, is FIR and symmetric about the origin, i.e., for any . Its frequency response is given by (7) (8) which is real-valued and monotonically decreasing for and satisfies for any . In addition, has zeros at both and , except . The following lemma shows the relation between and . 
Lemma 1:
The frequency responses of Lagrange HBLP filters satisfy that for any (9) Proof: The following results are shown in [16] . (10) and (11) which apparently implies (9) .
It has been well known that various factorizations of result in several orthogonal and biorthogonal wavelet systems. For instance, the factorization leads to the orthonormal Daubechies wavelet of order [1] , [2] (the impulse response of the lowpass filter associated with an th-order Daubechies wavelet is denoted by ). Later in this section, we shall point out the role of Lagrange HBLP filters in two families of biorthogonal wavelet systems. Fig. 1 illustrates a typical two-channel biorthogonal wavelet system (for more detailed discussion, see related literature, e.g., [15] , [23] , and [24] ). With the normalization , the perfect reconstruction (PR) condition is given by (12) for any or, equivalently, in the frequency domain (13) We next discuss two families of biorthogonal wavelet systems.
D. Biorthogonal Wavelet Systems
1) Dual Filters in a Biorthogonal
Spline Wavelet System: Let and be the impulse responses of the two dual FIR filters (the synthesis lowpass filter and the analysis lowpass filter, respectively) associated with the compactly supported BSW system of order [3] , where and have the same parity. Their frequency responses are given by (14) and (15) where . Comparing (7), (14), and (15), it follows (see [14] and [15] ) that (16) which implies that the BSW systems can be constructed by spectral factorizations of the transfer functions of the Lagrange halfband filters.
2) Dual Filters in a General Biorthogonal Coifman Wavelet System: Let and be the impulse responses of the two dual FIR filters (the synthesis lowpass filter and the analysis lowpass filter, respectively) associated with the compactly supported GBCW system of order [7] , where and have the same parity. We give the expressions for the impulse response and the frequency response of the synthesis filter for two cases (see [7] ):
• If , then and (17)
• If , then (18) and (19) From basic properties of the Lagrange HBLP filters, it follows that is real-valued and monotonically decreasing for and satisfies for any . If , the impulse response of the analysis filter is given by if is odd if is even (20) and its frequency response can be expressed in terms of those of and (21) The subclass for the case is called a strict biorthogonal Coifman wavelet (SBCW) system. If , the analysis filter uniquely exists, but no closed-form expression for its impulse response or its frequency response is known [6] , [7] . One special property of the GBCW systems is that both and have zeros at . For and , the GBCW systems coincide with the BSW systems, i.e., for each , , , , and .
III. ASYMPTOTIC CONVERGENCE OF LAGRANGE HALFBAND LOWPASS FILTERS
Since Lagrange HBLP filters are closely related to the two families of biorthogonal wavelet systems, in this section, we study their asymptotic behaviors.
A. Convergence in Time Domain
The following theorem provides the time-domain asymptotic behavior of Lagrange HBLP filters.
Theorem 1: The impulse response of Lagrange HBLP filter converges uniformly to that of the ideal HBLP filter in the sense that for each , there exists an such that implies for any ; furthermore, the convergence is monotonic in the sense that for any , where equality holds if and only if is even or if . Proof: Because of the symmetry of both and , it suffices to only consider those filter coefficients with nonnegative indices. Since for any , we only need to consider the odd-indexed filter coefficients. We first show that the convergence is pointwise and monotonic. From (6), we infer that for (22) where we have applied the notation and and the facts and . Hence, S (the circle and the star 3 represent a discontinuous data point and an isolated data point, respectively).
B. Convergence in the Frequency Domain
The following theorem summarizes the results proved by Lai (see [16] ), which show the frequency-domain asymptotic behavior of Lagrange HBLP filters.
Theorem 2 [16] : The frequency response of a Lagrange HBLP filter converges pointwise to that of the ideal HBLP filter , i.e., as ; furthermore, the convergence is monotonic in the sense that for each , if , , or , and if (25) and if
In addition, due to the fact that for any and the monotonicity of with respect to , the above convergence does not exhibit any Gibbs-like phenomenon.
Since the above frequency-domain convergence is not uniform, it does not necessarily imply the time-domain convergence described in Theorem 1.
IV. ASYMPTOTIC CONVERGENCE OF THE DUAL FILTERS ASSOCIATED WITH BIORTHOGONAL SPLINE WAVELET SYSTEMS
From (14) and (15), if both and are even, then both and are zero phase; otherwise, both and have a linear phase , which is independent of either or . Therefore, we will focus on the magnitude responses and , which are, respectively, given by (27) and (28) (29)
A. Asymptotic Convergence of the Synthesis Filter
From (27), it is easy to show that if if (30) and that such a convergence is monotonic in the sense that for each , , , and if . Fig. 2(a) illustrates the convergence.
B. Asymptotic Convergence of the Analysis Filter 1) Constant :
With (29) and Theorem 2, it is straightforward to obtain the following proposition.
Proposition 1: For a fixed , the magnitude response of converges pointwise to the following frequency response as tends to infinity. 
The convergence is monotonic in the sense that for any and if
and if
where equalities hold if and only if , , or . Although converges as approaches infinity, the limiting magnitude response is clearly not an ideal HBLP frequency response for any . As an instance, the asymptotic behavior of is illustrated in Fig. 2(b) . 
V. ASYMPTOTIC CONVERGENCE OF THE DUAL FILTERS ASSOCIATED WITH GENERAL BIORTHOGONAL COIFMAN WAVELET SYSTEMS
A. Asymptotic Convergence of the Synthesis Filter
Since the synthesis filter in an even-ordered GBCW system is a Lagrange halfband filter, its asymptotic behavior is the same as that of the Lagrange halfband filter. We show that the synthesis filter in an odd-ordered GBCW system also converges to an ideal HBLP filter.
Theorem 3: The impulse response of the synthesis filter in an odd-ordered GBCW system converges uniformly to that of the ideal HBLP filter in the sense that for each , there exists a such that implies for any ; furthermore, the convergence is monotonic in the sense that for each , , where the equality holds if and only if is even or ; in addition, the magnitude response is monotonically decreasing for and has no overshooting, which implies that the above convergence does not exhibit any Gibbs-like phenomenon.
Proof: We first show that the convergence is pointwise and monotonic. From (18) where we have applied Lemma 1. Because and , we infer that ; i.e., the magnitude response is monotonically decreasing for . Since and , has no overshooting, which implies that the convergence does not exhibit any Gibbs-like phenomenon.
From (38), we know that . Therefore, for any , is closer to unity than in the passband and farther from zero than in the stopband. In addition, the convergence of the impulse response to that of the ideal HBLP filter implies that possesses an asymptotically linear phase. We illustrate two examples of the convergence in Fig. 3(a) and (b) . 
Proof: For , we take a Taylor's series expansion of at (42) From the definition of GBCW systems, we know that for . Therefore, if . Therefore, due to the symmetry of , the PR condition (13) reduces to , and if , which provides the desired result.
We illustrate two examples of the convergence in Fig. 5 (a) and (b).
2) Constant : We have proved . From the PR condition (13), we conclude that for each , if . Next, we shall study this type of asymptotic behavior of the analysis filters in some detail. a) Even Order: Proposition 5: For a fixed such that is even, as tends to infinity, the frequency response of converges uniformly to the frequency response if if (43) which is continuous over ; hence, the convergence does not exhibit Gibbs-like phenomenon; furthermore, the convergence is monotonic in the sense that for any (44) where equality holds if and only if , , or .
Proof:
Let . From (17) and (21) 
where we have used the fact that , which can be derived easily using (25) and (26) 
where we have used the fact that . Therefore, there exists a such that implies , and hence, for every (54) i.e., the sequence satisfies the Cauchy condition on . Therefore, its convergence is uniform [22, p. 222, Theorem 9.3].
b) Odd Order: From (21), it is straightforward to obtain the following proposition.
Proposition 6: For a fixed such that is odd, as tends to infinity, the frequency response of converges pointwise to the frequency response In Fig. 5(c) , we notice that converges monotonically to its limit from above as described by Proposition 5.
3) Increasing Both and : Based on the asymptotic convergence of synthesis filters, using an argument similar to the one used in the proof of Proposition 4, we conclude that for each (56) Next, we study a special case of the above convergence, in which equals .
4) Strict Biorthogonal Coifman Wavelet System:
a) Even Order: According to (21) , the frequency response of the analysis filter in an even-ordered SBCW system is given by
We demonstrate some properties of in the following lemma. Based on the above lemma, the following theorem provides the asymptotic behavior of the analysis filter in an evenordered SBCW system.
Theorem 4:
The frequency response of the analysis filter in an even-ordered SBCW system converges pointwise to the ideal HBLP frequency response , i.e., as ; the convergence exhibits one-sided Gibbs-like phenomenon in the sense that in the stopband, the convergence is monotonic without overshoot, i.e., for each , if
; however, overshoot in the passband remains constant as tends to infinity. Proof: Considering the limiting case of (57), we infer that . From (57), we deduce that (59) Since if , we have for any . Because of the one eighth (or 12.5%) overshoot in the passband as described in Lemma 2, the convergence exhibits a Gibbs-like phenomenon.
The above theorem illustrates some significant differences between the aforementioned one-sided Gibbs-like phenomenon and a typical Gibbs phenomenon:
• The overshoot in the former only occurs in passband, and that in the latter occurs in both passband and stopband.
• There is no oscillation in the former, and the oscillation always occurs in the latter and becomes faster during the converging process.
• The maximal amount of overshoot in the former is exactly 12.5% and larger than that in the latter, which is approximately 9%.
• The two limiting frequency responses have different values at .
b) Odd Order: The case for odd orders is more involved. According to (19) , (21) , and (57), the frequency response of the analysis filter in an odd-ordered SBCW system is given by (60) Based on this relation, the following theorem provides the asymptotic behavior of the analysis filter in an odd-ordered SBCW system.
Theorem 5: The frequency response of the analysis filter in an odd-ordered SBCW system converges pointwise to the ideal HBLP frequency response , i.e., as ; the convergence exhibits a one-sided Gibbs-like phenomenon in the sense that there is no overshoot in the stopband; however, overshoot in the passband exists and is smaller than 12.5% as tends to infinity.
Proof: From (11), we have
Hence, from (60), we obtain 
and take the derivatives of both sides of (64)
From Lemma 1, it follows that 
Thus, we have developed the desired results. From Theorems 4 and 5 and the results developed in Section V-A, we conclude that both the analysis filter and the synthesis filter in a SBCW system converge to the ideal HBLP filters, whose frequency responses are different only at . In this sense, the system converges to the sinc wavelet, which is orthonormal. In addition, we notice a difference between the two types of one-sided Gibbs-like phenomena: The amount of the overshoot in the former remains constant (12.5%) during the converging process, and that in the latter is less than 12.5%. 
VI. A COMPARISON BETWEEN TWO APPROXIMATIONS
Because both the magnitude response of the filter associated with an orthonormal Daubechies wavelet and that of the synthesis filter associated with a GBCW system monotonically converge to the ideal HBLP frequency responses without Gibbs-like phenomenon, it may be interesting to compare the two convergences. In particular, we attempt to answer the following question: For a given order , which is the better approximation of over : or ? The following two lemmas show some properties of the polynomial , which shall be used in the next proposition. We give their proofs in the Appendix.
Lemma 3: The polynomial satisfies that for any , if , then . 
Due to Lemma 4, it follows that for . Proposition 7 implies that for a given order , approximates the ideal HBLP frequency response better than in the passband and worse than it in the stopband. However, possesses a zero phase if is even and an asymptotically zero phase if is odd, and always has a nonlinear phase for any such that . We illustrate two examples of the comparison in Fig. 4(a) and (b) .
VII. CONCLUSION
We have presented the asymptotic behavior of two families of biorthogonal wavelet systems. In general, we conclude that the GBCW systems are better than the BSW systems in terms of asymptotic convergence. In particular, the dual filters in the GBCW systems are shown to converge to the ideal HBLP filter as their orders tend to infinity so that they may be viewed as good approximations of the latter. On the other hand, the dual filters in the BSW systems either diverge or converge to some nonideal HBLP filters. This comparison may explain the fact that only short dual filters in the BSW systems, e.g., , , (which in fact coincide with the short dual filters in the GBCW systems), have been successfully applied to transform coding [21] , and several longer dual filters in the GBCW systems, e.g., , , , have been shown to have good compression potential [7] . While both the magnitude response of the synthesis filter in a GBCW system and that of the filter associated with an orthonormal Daubechies wavelet converge to the ideal HBLP filter, the former has the advantage of zero phase over the latter.
APPENDIX
A. Proof of Lemma 3
Assume : 
In the above derivation we have twice used the formula (see [25, p. 
which completes the proof.
